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Abstract. We generalize the aut hor's for m ula for G romov-Witten invariants 
of symplectic toric manifolds (see [3pi99a|, |Spi99b|) to those needed to com- 
pute the quantum product of more than two classes directly, i.e. involving 
the pull-back of the Poincare dual of the point class in the Deligne-Mumford 
spaces Mo,m- 
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1. Introduction 

Let {X, Lo) be a symplectic manifold with compatible almost-complex structure 
J. If g and m are non-negative integers, we denote by Mg^m the Deligne-Mumford 
space of genus-^ curves with m marked points. If furthermore A £ H2{X,'Z) 
denotes a degree-2 homology class of X, Mg,m{X,A) will be the space of stable 
genus-t; J-holomorphic maps to X with homology class A. The Gromov-Witten 
invariants of X (see for example [RT95], |Bch97[) are multi-linear maps 



$ 



A,X 



H*{Mg,^,Q)^H*{X,i 



that are defined as follows. Let tt : A4g,,n{X, A) — > A4g,m be the natural projection 
map forgetting the map to X (and stabilizing the curve if necessary). Furthermore, 
let evi : j\4g^m{X, A) — > X be the evaluation map at the i*'' marked point, that is 



the map that sends a stable map (C; xi 



; /) to f{xi) e X. Then for classes 



/3 e H*{M, 
by 



and at G H* {X, Q) , the Gromov-Witten invariants are defined 



(1) <.;„(/?;« 



^) 



[M,,^{X,A)]-" 



7r*(/3) A evi(ai) A . . . A ev„j(a„J. 



Here the integration on the right hand side is not over the entire moduli space but 
over the so-called virtual fundamental class. 

For the case of {X,J) being a smooth projective variety with a (C*)-action, 
Graber and Pandharipande have proven (see [GP99 ) that Bott-style localization 
techniques apply to the integral in (w) . Their techniques can easily be extended to 
torus actions, so in particular they a p ply to s mooth projective toric varieties (for 
toric varieties see for ex ample [Ful93| , |Oda88 |). 

In | Spi99a | (also see |Spi99b|), using these localisation techniques for the virtual 
fundamental class, we have proven an explicit combinatorial formula of the genus-0 
Gromov-Witten invariants for smooth projective toric varieties for the cases when 
/3 = 1 G iJ°(A4o,m,Q)- In this note we will derive a similar formula for the case 
where the class /3 is the maximal product of (the Chern class of) cotangent lines 
to the marked points, that is for those classes /3 which are Poincare dual to a finite 
number of points in A4o,m- 
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Knowing the Gromov-Wittcn invariants for /3 — P.D.(pt) makes computations 
of products in the (small) quantum cohomology ring easier. For two cohomology 
classes 71 , 72 G H* {X, Q) , their quantum product is defined to be 

AgH2(X,Z) i 

where the inner sum runs over a basis (Si) of H*{X,Q). Here {S)') denotes the 
basis of H*{X,Q) dual to (Si). It is easy to show that the product of more than 
two classes is given by 

(2) 7i*...*7, = E Y.^O:riliP■^■iPi)■,ll,■■■,lr,S^)Srq^ 

A£H2{X,Z) i 

where P.D.(pt) denotes the Poincare dual of a point in A^o,r+i- By Witten's 



conjecture (see [ Wit91|, proven by Kontsevich in |Kon92|), we know that (a multiple 
of) the class P. D.(pt) in 7J*(Mo,r+i) can be expressed as the product of cotangent 
line classes, hence the invariants in (0) can be computed directly by the formula 
proposed in this note. 

The techniques used in this note also yield the invariants for /? being a different 
product of Chern classes of such cotangent line bundles. However, it seems to be 
much more to difficult to formalize such a more general approach. For the sake of 
a (hopefully) better exposition of the key ideas, we leave the more general case to 
the interested reader. 

The structure of the paper is as follows: In Section 2 we recall some results on 
toric varieties, mostly to fix our notation. In Section 3 we quickly describe the 
fixed point components of A^o„i(Xs,yl) with respect to the action induced from 
Xs- In Section 4 we recall the localization results for toric varieties, to apply them 
in Section 5 to the case where /3 = P. D.(pt). In Section 6 we finally give the formula 
for the Gromov-Witten invariants for symplectic toric manifolds in this case, and in 
Section 7 we illustrate the formula on the example of Ppi (0®('-2) © 0{1) © 0(1)); 
as an interesting byproduct, we derive the quantum cohomology ring of this variety 



(also using rec ent res ults of |]CMR01 ]), which surprisingly coincides with Batyrev's 



ring stated in |Bat93| 



2. Preliminaries of toric varieties 
We will quickly recall some facts about toric varieties and mostly introduce our 



notation — our standard references for this section are |Bat93|, |Ful93| and |Oda88 

Let Xy: be a smooth projective toric variety of complex dimension d, given by the 
fan E. Choose a class cu in the Kahler cone of X^, and let A^ be the corresponding 
moment polytope. On the variety X^:, the d-dimensional torus Tjv := (C*)"* acts 
effectively, and the (irreducible) subvarieties of X-^ that are left invariant under 
this action are in one-to-one correspondence with the facets of the polytope A;^ . 
Moreover, the T/v-invariant divisors (which are in one-to-one correspondence to 
faces of A,^) generate the cohomology ring H*{X-s,Z) of Xs — we will denote the 
faces of A^ hy Zi, . . . , Zn- We also remind the reader, that the relations between 
these divisors in the cohomology ring are given by the combinatorics of A^ or 
equivalently, by that of the fan S. For (higher-degree) cohomology classes we will 
sometimes use multi-index notation, i. e. Z^ expands to Z^^ ■ ■ ■ Z^". 

We will be using the weights of the torus action on the tangent bundle at fixed 
points of Xe. The vertices of A^^ are in one-to-one correspondence with these 
fixed points, and we will usually denote these vertices by the greek letter a. For 
any vertex a, there are exactly d edges ei, . . . , e^ in A„ that meet at a. Each 
edge of the polytope A^^ correspondents to T/v-invariant CP"*^ in X^. Then the 
tangent space T^Xs at a TAr-invariantly splits into the tangent lines along these 
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subvarieties. If we denote by cri, . . . ,ad the vertices that are connected by the edges 
ei, . . . ,ed to a, we will denote by o;^. the weight of the TAr-action on T^Xy: into 
the direction of e^. 

When referring to a degree-2 homology class A G H2{X^,Z), we will usually give 
its intersection vector (Ai)i=i....„ with the divisor classes Zi, that is A.; :— {Zi,\). 
Note however, that the A^ have to satisfy certain linear relations to represent a 
degree-2 homology class. In fact we have that dim iJ2 (-^s , Z) = diinH^{X^,Z) = 
n — d. 

3. Fixed-point components of the induced action on Ma,m{XY.T A) 

Remember that an element of AiQ^rn{XY,, A) is (up to isomorphisms) a tuple 
(C; xi, . . . , Xm] f) where C is an algebraic curve of genus zero with singularities at 
most ordinary double points, Xi £ Cgmooth sue marked points, and / : C — > X-^ is 
the map to the variety X-^. The T^r -action on X^: then induces an action of T/v on 
A^o,m(^s, A) by simple composition with the map /, that is t-{C; xi, . . . , Xm', /) = 
{C]Xi, . . . ,Xm]to /), where 

tof-.C^X^^X^ 

is the composition of / with the diffeomorphism tpt given by the action of t on Xs . 
It is then easy to see (cf. ppi99a |), that the image of a fixed point {C;x;f) £ 



■M.o.m{Xj:^ A) must be left invariant by the T^r-action, or in other words, it has to 
live on the 1-skeleton of A^^. Moreover, the marked points Xi of such a stable map 
will have to be mapped to fixed points ai in X^. The fixed-point components of 
■Mo,7n{Xs,A) can then be characterized by so-called Alo,m(-'^s, ^)-graphs T (see 



|Spi99a, Definition 6.4]) — these are graphs on the 1-skeleton on A(^, without loops, 
with decorations representing the position of the marked points and the multiplic- 
ities of the map to Xs on the irreducible components. If F is such a graph, we will 
usually denote by A4t the product of Dcligne-Mumford spaces corresponding to the 
graph F, which is up to a finite automorphism group isomorphic to the fixed-point 
component in Mo^m{XT,,A) corresponding to F. 

4. Localization for the genus-0 GW invariants of toric varieties 

In the setup described in the previous section, Graber and Pandharipande's 
virtual localization formula applies: if V is an equivariant vector bundle on the 
moduli space Aio^m{X^,A) then 

^ e^"(AA™*) 

[A1o,™(Xs,A)]vir' ^ 

where A/p is the so-called virtual normal bundle to A^r and e-^" denotes the equi- 
variant Eulcr class. Since each ev*{Zj) is equal to the (standard) Euler class of an 
equivariant line bundle over A4o,m{X-s, A), we obtain 



(3) J e^«(y) 



n n 



(4) $^--^(Z\...,Z'-)-E 



LO 



'U) 



k 



|Ar| J eT«(AA™t) 

Mr 



where w^ is the following weight: Suppose cr(j) — Zi^ ■ ■ ■ Zi^ with ii ^ ii when- 
ever I ^V . If fc ^ {ii, ... ,id} then uj'l}-''' :— 0. Otherwise suppose (w.l.o.g.) id — k 
and let a{j) be the unique vertex given by a{j) = Zi^ ■ ■ ■ Zi^_-^Zi^^^ such that 

id+i ^ k for aU I. Then c^^^^' := c^^gj. 
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By a careful analysis of the virtual normal bundle (see Spi99a , Theorem 7.2]) 
we can compute its equivariant Euler class — before we will give its formula here, 
let us fix some notation. For an edge e G Edge(r) define 



Ar(e) 



(-l)''/i 



hu2h 



(hinw-)^'^ 



.-1 n 



11 -^.a 



) 



fe=0 ^ 



In this formula, we use the following notation: The edge e connects the two fixed 
points a and Ud with multiplicity h. The indices ij and ij are chosen pair-wise 
different such that a = Zi^ ■ ■ ■ Zi^ and Oj = Zi^ ■ ■ ■ -^j . ■ ■ • 'Zi^ (Zi. is replaced by 
Zi_). The homology class of the edge e is given by A = (Ai, . . . , A„), in particular 
\. ^ e- Zi^. 

Furthermore let Vertt_s(r) be the set of vertices v in the graph F with t outgoing 
edges and s marked points. For such a vertex v 6 Vertt_s(F) we define val(t;) := i, 
deg(w) :— s + t, and the class 



u;{v) 



UJf(v) 

1 

(('^Fi(i)) - e.Ft{v) 



if i = 1 and s = 

if i = s = 1 

if i = 2 and s = 

)---{^Ft(v)-e-Ft(v))) ifi + s>3. 



Here the ep are Euler classes of universal cotangent lines to marked points of 
A^r = riuevcrtfr) -^o.dog(i))i and the indices (from 1 through t, for val(w) = t) refer 
to the different edges leaving the vertex v. 



Proposition 1 (|Spi99a|). With this notation, the inverse of the equivariant Euler 
class of the virtual normal bundle has the following expression: 



'{^f^ 



n n 

t-.s -ueVertt.sCr) 



UJ 



a(v) 
total 



■uj{v) 



n Ar(e). 



eeEdgc(r) 



Proposition 2 (| Spi99b , 3piOO|). The integral over Air of the invers of the equi- 
variant Euler class of the virtual normal bundle equals 



pTjV 



(M 



r) = 



Mr 



n n 

t.s uGVcrtt s(r) 






\^ total) 



t+s-3 



Y{i=l^F,{v) 



n Ar(e). 

eeEdgc(r) 



In particular, we see that if we want to generalize formula (0) to non-trivial 
classes (3 G i?*(A4o,m,Q), the localization formula (||) tells us that it sufhces to 
compute the equivariant Euler classes of the restrictions of the equivariant bundles 
on M.Q^m{X-s:,A) representing the class /3, combine this class with the equivariant 
Euler class of the virtual normal bundle, and integrate over M^. 



5. Cotangent line bundles and their restrictions to the fixed point 

components 

In this section we will study how pull-backs of certain classes /3 G i:r*(A^o,m) 
localize to fixed-point components A4r- 

Let Co,m — > ■Mo.m be the universal curve, and let Xi : Mo.m — > Co,™ be 
the marked point sections {i — 1, . . . ,m). We will denote by L^ — > -Mo.m the 



„-th 
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universal cotangent line, that is the pull-back by Xi of the relative cotangent 



bundle Kj^ /-rr 



(%,. 



^/Mo., 

For simplicity, we will restrict ourselves here to maximal sums of the line bundles 
Li, i.e. to those of which the rank is equal to dim A^o.m — m — 3. By Kontsevich's 
theorem ([ Kon92| ), we know that in this case 

(5) / e (l^^ © • • • © L^"^ - ^'"~^^' 



'Mo.m ^ / dil ■ ■ ■ d„il 

that is the Euler class of this bundle is Poincare dual to (m — 3)!/((ii! ■ • ■ dm!) points; 
it is exactly this kind of classes P we need in order to compute quantum products 
of more than two factors (see equation (0)). Note that the di fulfill the equation 

di + ■ ■ ■ + d.„i =171 — 3. 

Lemma 3. The map n : A4o,m{Xs, A) — > A^o.m forgetting the map to X^: is 
equivariant with respect to the induced Tj^-action on A^o,m(^s,^) o,nd the trivial 
action on A^o,m- 

Proof. Since the T/v-action on A^o,m(^Ej^) is induced from the action on the 
image of the curve in X^ (and which is discarded by the map tt), this is obvious. D 

Corollary 4. The pull-back by n of any bundle E on A^o,m is an equivariant 
bundle on Alo,m(^s,^) with trivial fiber action. 

Remark 5. Corollary implies in particular, that the equivariant and the non- 
equivariant Euler classes of such pull-back bundles coincide; we will therefore use 
them interchangeably in these cases. 

Lemma 6. Let E — > M-o.m be a vector bundle ofikE = m— 3. Ifn^Mr) ^ Mo.m 
then e {iT*E\Mr) ^ 0- 

Proof. If 7r(A^r) ¥" ■Mo.m then the codimension of TT{A4r) C Aio.m is at least one. 
Therefore 

e i7r*E\Mr) - ^*e (^|.(Air)) = ^*(0) = 0, 
since rk£' > dim7r(A^r)- □ 

The Lemma implies that if e {TT*E\Mr) 7^ for a bundle E with rk£' = ?7i — 3, 
the graph T contains only one vertex vr that corresponds to a stable component 
under the projection n to Ado.m- In other words, if we fix vr as root of the graph 
r, all its branches contain at most one marked point. We will call such graphs F 
simple. 

Theorem 7. Let T be a simple A^o,m(^Sj A) -graph, and let vr be the unique stable 
vertex ofT and fh = deg(wr) be its degree. We will choose the indices of the marked 
points Xi,. . . ,Xm of A^o.m such that xi,. . . ,Xm o,re mapped by n to the marked 
points xi, . . . , Xm in Mo,m, respectively. 

Furthermore, let Li — > A^o.m be the cotangent lines to the marked points of 
Aio.rn- Then 



(6) efTT* (l®'^i©---®L®'''") 


Mr) ^ r"+l^' ® ■ 


■®cl'- 


- e (^f^i © 


•••©rr 


whenever di + ■ ■ ■ + d,n = m — 3 


and di + ■ ■ ■ + d,n = 


7TI-3. 



'Ct 



@d^ 
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Proof. First of all notice that tt factors through the projection map A^r — '' Mo,m 
to the factor corresponding to the vertex vr- Hence it suffices to consider the 
behaviour of cotangent line bundles under TTm^m '■ ■M.o,rh — > A^o.m, forgetting the 
last (m — m) points. This map i^m.m again factors into 



Mo, 



A^o, 



in—l 



M 



0,m- 



We will prove the statement for the map iim+i — the Theorem then follows by 
induction and Kontsevich's Theorem (equation d|)). 

So we want to show that (in the case di + • • • + d„i = to — 3) 



(7) e(7r;;(/:r©...®/:r" 



-'m+l 



(c®"' 



'C 



®d„ 



^m+lj 



It is well-known (see e.g. [HM98]) that 

e(A)=e«+i(A))+A 



where Di = Alo,3 x A^o,m is the divisor in A4o,m+i where the Alo,3~bubble contains 
the marked points Xi and Xm+i- Now note that Cm+i\D- is constant for any i = 
1, . . . , TO, hence e{Cm+i) ■ Di = 0. This yields equation (m). D 



6. The formula for the Gromov-Witten invariants 

The next Corollary summarizes what we have shown so far: 

Corollary 8. Let E be the vector bundle E = Lf ''^ © • ■ • ® L®'''" on A?o,m such 
that di + • • • + dm = TO — 3. Let [3 = e[E) be the Euler class of E. Then 



<^'^(/3;^'s 



,Z'-) 



E 



1 



lAr 

r simple KA 



(TT E\Mr)\.\.j,k=l y^k ) 



We will now compute the integral over the fixed-point components to obtain an 
explicit formula for these Gromov-Witten invariants. 

Theorem 9. Let T be a simple A^o,m(^s, A)-graph, and let vr be the unique stable 
vertex ofT. Let r : Vcrt(r) — > N be the map defined by 



r{v) :- 



m 




if V = Vr 
otherwise. 



As before let di be non-negative integers such that di + • • • 
E = L® ^ © • • ■ © Lm'^"" , then the following formula holds: 

e'^- {TT*{E)\Mr) _ (deg(i>r)-3)! 



TO — 3. Lf we let 



(8) 



Mi 



(AAr 



di!---dm!(deg(wr) - m)l 



n ^r(e) 



e6Edge(r) 



n n 

t,S v£VcTtt.s{r) 



^totalj ' y^totalj 



Proof By Kontsevich's Formula (0), it suffices to consider di = m — 3, d2 
dm = 0. In this case, by Theorem]^, the left hand side of (g) equals 



^ (^rr') 



Mr 



n n '- 

t,s ^evortt,s(r) 



total } 



■uj{v) 



n Ar(e). 

eGEdgo(r) 
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We therefore have to prove that 



J Mr ..,,^__.i/^^^ 



"^r •ueVcrt(r) 



(deg(i;r) - 3)! -pr -j-r V'^totalj 



(^'^total ' 



(m - 3)!(deg(.r) - m)! If ^^^^f^^^^,) Hli ^i^.(.) 

For the case that v 6 Vert(.s(r) is different from vr, we have shown in the proof of 
Proposition (see |SpiOO|) that 

^totalj 



L 



, Lu{v) — J 

^o.dcg(v) nj=i^-F.(f) 

Hence we only have to consider the case when v = « r; sinc e it is very similar to 
the previous case, we will only outline its proof. As in | SpiOO |, let P„(a;i, ... ,Xk) = 

Sv di=n Hi ^/ ■ ^'■^^ ^ ■= val(wr), m := dcg(wr) and r := m — 3. We will also write 
Fj instead of Fj{vr)- Note that for the vertex vr, we always have to — r — 3 > 0. 
Therefore 



/ u^Me (Cr) - J e (Cr) ri ^ 



Mo, A Mo 



M. 









* 1 {m-3)\ f 1 Y' f 1 ^'^* 



(to -3)! 



Z^ (ij— rn— r — 3 

/ r/ \\ m—r — 3 
l^^total J 

T* 



which finishes the proof. D 

7. Example: The quantum cohomology of Ppi(C'®(''"2) ^ ^j-j^) ^ 0(1)) 

In this section we want to illustrate how useful the extension of the formula to the 
case where /3 = P. D.(pt) really is for the computation of the quantum cohomology 
ring of a toric manifold. 

In [ 3T97 ] , Siebert and Tian have shown that if the ordinary cohomolgy ring of 
a symplectic manifold X is given by 

H*{X,Q)=Q[Zi,... ,Zk]/{Ri,... ,Ri) 

where Ri, . . . , Ri are relations, then the quantum ring is given by 

QH*{X,Q) = Q[Zi, . . . , Zk]/{Rl, ..., Rt) 

where R* are the relations Ri, but evaluated with respect to the quantum product 
instead of the cup product. 

Let us consider toric manifolds of the form Ppi(0®('-2) © 0(1) ® 0(1)). In 



CMROlj, Costa and Miro-Roig have studied the three-point Gromov-Witten in- 



variants of these manifolds and announced that they will derive the quantum co- 
homology ring of these manifolds in an upcoming paper. We have chosen the same 
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example to illustrate how the formula derived in this note can make computations 
much easier. 

We will re call some properties of Ppi(0®('"~^) © 0(1) ® 0(1)) (for more details 
see [CMROlj). Its cohomology ring is given by 

where the relations are given by Li = Zi — Z2, £3 = Z3 — 2^,+2j • • • i^r-i = 

Zr-l — Zr+2, Lr = Z2 + Zj- — Zr+2, -^r+l = Z2 + Zr+1 — Zr+2, Pi ~ ■2^1-2^2, 
P2 = Z'i ■ ■ ■ Zr+2- 

To see this, consider the fan whose one-dimensional cones are (with respect 
to some basis ei, . . . ,er in the lattice Z*") v\ = ei, V2 = — ei + e^-i + e^, W3 = 
62, . . . , Wr+i = Gr and Wr+2 = —&2 — ' ' ' — Gr, and whosc set of primitive collections 
is given by 



«P = {{i;i,t;2},{-y3,--- ,Wr+2}}. 



In |CMR01, Proposition 3.6], Costa and Miro-Roig obtain (in what follows we will 
freely use their notation) 

(9) Zi * Zi = {Zr+2 • Zr+2 - 2^1 * ^r+2) ^ ^l ■ 

i>\ 

Hence, we will only have to compute the quantum product Z-i-k ■ ■ ■ -k Zr+2 to get a 
presentation of the quantum cohomology ring. To do so, we will have to compute 
the Gromov-Witten invariants of the form 

(10) $S^4+''^^(P.D.(pt);Z3,... ,Z„+2,7). 



Lemma 10. If b j^ 1, then all invariants of the form l\l(\ ) are zero. 

Proof. Suppose that for given a, b and 7, the invariant (y^ is non-zero. Since 
(ci(Xe), aAi + feA2} = 2r6, we must have 2r + deg7 — 2rb + 2r. However, the real 
dimension of X^ is equal to 2r, hence < deg7 < 2r, and therefore b < 1. 

Now suppose b is zero and therefore deg7 = as well, that is 7 is a multiple 
of the trivial class 1 £ H^{Xy). If a = as well, then the invariant is zero since 
it just equals the cup product of the cohomology classes Z^, . . . , Zr+2- So suppose 
a > 1. Then 

$S,^,Vl(P-D.(pt);^3,...,^r+2,l) = 
~ ^0,rHP- D.(pt); Z3, . . . , Zr-l, Zr+2^ Zr, Zr+l) 

Y, nt (^3, Zr+l,l,,)%t (^4, 7/, , 7,J • • • '^lT{Zr+2, Zr,ll.,). 

ai + -- + a^_2 = a 
Jl,-.- ,3^-3 

where the 7^^ run over a basis of H*{X^, Z). Since a > 0, at least one of a^ has to 
be positive. On the other hand, we have 

{Z3, Ai) = . . . = (Zr-l, Ai) = {Zr+2, ^1) ~ 0. 

So as soon as a^ > the corresponding three-point invariant in the sum above is 
zero. This proves the lemma. D 

Lemma 11. If a > 0, then all invariants of the form (w 



Proof. Suppose that for given a, b and 7, the invariant ( |10[ ) is non-zero. Then, by 
the previous Lemma, 5=1. Hence we have to consider homology classes aAi + A2, 
and 7 being a multiple of the class of top degree, say Z1Z3 ■ - - ZrZr+2- 
The 1-skelcton of the moment polytope of Xs has the following edges: 
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1. for 3 < t < s < r + 2, edges between ai.t and cri,s, and between a2,t and (72, s, 
all having homology class A2; 

2. for 3<t<r — lort = r + 2, an edge between ci t and a2 t of homology class 
Ai; 

3. for t = r, r + 1, an edge between between ai^t and (72^t of homology class 
A1 + A2. 

The reader will now easily convince himself that there is no simple graph T in 
this class such that Z3, . . . , Zr-i, Zr+i, Zr+i, Zr+2 and ZiZt, ■ ■ ■ Zr, Zr+2 all have 
non-zero equivariant Eulcr class on A^r, unless a = 0. Finally note that Zr = Z^+i 
as cohomology classes, which finishes the proof. D 

Lemma 12. $^^,+i(P. D.(pt); Z3, . . . , Z,_i, Z,+i, Z,+i, Z,+2, Z1Z3 • • • Z,Z,+2) = 
1. 

Proof. The only simple graph T such that ^3,... ,Zr-i, Z^+i Zr+i, Zr+2 and 
Z1Z3 ■ ■ ■ ZrZr+2 all have non-zero equivariant Euler class on F is the one with one 
edge between ai.r+i and cri^r where all but the last marked point are at cri,r- Ap- 
plying the formula derived in this note yields the following for the Gromov-Witten 
invariant $ := $o!r+i(P- D.(pt); Z3, ■ • ■ , ^r-i, ^r+i, ^r+i, ^r+2, ^1^3 ■ • • ^r^r+2): 

"■l.r+l ''■l,r-+l 0"1.7- + 1 ''■l,7-+l 0"l.r <^l.r ( Cri,r \2 CTl.r 

cn,r ( Cl,,- \2 cri_r ( CTi^r ''■l,i-\ ('■i_r+l 

1 

, .'^l.r+l C'l.r + l Cri,r+1 

(,^CTl,3 ^ ^CTi,^ + i j ■ ■ ■ (^Wo-i ,,_! — Wo-1,^ + 1 j l^W<Ti,^ + 2 — ^CTi,^ + i j 
= 1 

where we have used Wo-J'-^^ = ^cn'l — ^a\'l+i for i = 3, . . . , r — 1, r + 2 by a similar 



argument as in jCMROl, Lemma 2.1], that is by applying |Spi99a, Lemma 6.7]. D 



Corollary 13. The quantum cohomology ring of X^ = Fpi{0®^'^''^'> ®0(1)®0{1)) 
(for r > 3) is given by 

QH*{Xs,Z) = Z[Zi, . . . , Zr+2,qi,q2]/ (^1,^3, • ■ • ,ir-l, ^1,-^2) ) 
where the relations Ri and i?2 '^''6 given by 

Rl = Z\ -k Z2 — Zr -k Zr+lQl 
R2 ^ Z^-k ■ ■ ■ -k Zr+2 — 12, 



that is this quantum ring coincides with Batyrev's ring in [Bat93 



Proof. The relation Z3 • • • • • Zr+2 = 12 follows directly from the previous three 
Lemmata. Now let us consider the other multiplicative relation: 

Zi* Z2 = Zik Z\ since Z\ = Z2 

= 2_^(Zr+2 * Zr+2 - 2Zi * Zr+2)ql by equation (||) 

= {Zr k Zr+1 — Zi • Z2) \ ql by the linear relations. 

i>i 

Hence we obtain 

Zi-k Z2^ q{ ^ Zr-k Zr+1 ^ ll, 
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and by comparing the coefficients of the ql, the relation foUows. D 

Remark 14. Note that although we derive the same presentation for the quan- 



tum cohomology ring as the one stated by Batyrev in [Bat93 , the Gromov-Witten 
invariants that enter as structure constants into the computation of the quantum 
products are different from those numbers considered by Batyrev. 
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